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CONVOLUTION, DIFFERENTIAL EQUATIONS, AND

ENTIRE FUNCTIONS OF EXPONENTIAL TYPE(')
BY

DALE H. MUGLER

ABSTRACT. The Whittaker-Shannon interpolation formula, or ‘“cardinal
series”, is a special case of the more general linear integro-differential equation
with constant complex coefficients 2::___041,. f(")(z) = [f(z — t)du(t) where the
integral is taken over the whole real line with respect to the measure u.

In this study, I show that many of these equations provide representations
for particular classes of entire functions of exponential type. That is, every func-
tion in the class satisfies the equation and conversely every solution of the equa-
tion is a member of the class of functions.

When the measure in the convolution integral above is chosen to be dis-
crete, a particular form of the above type of equation is an equation of periodicity
f(z) = f(z + 7). Following an extensive treatment of the general equation written
above, the study concludes by offering a generalization in terms of these convolu-
tion equations of a classical theorem in complex analysis concerning periodic
entire functions.

1. Introduction. An entire function f(z) which satisfies the condition
1)l < Ae*"! for nonnegative constants 4 and & is called an entire function of
exponential type. Any such function which is also square-integrable on the real
line is known to satisfy the Whittaker-Shannon interpolation formula [22], the
so-called “cardinal series”, from which the function can be reconstructed by
knowing only the values it takes at certain points along the real axis. A special
case of this formula is the equation

X sinmiz—n
e= 3 e )

for all complex z.

The Whittaker-Shannon interpolation formula is a special case of the more
general linear integro-differential equation with constant complex coefficients
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@) > 4, ™) = [fz - 1) du(o)

n=0
where the integral is taken over the real line with respect to the nontrivial mea-
sure . When the measure is chosen to be discrete, other special cases of this
equation are equations of periodicity f(z) = f(z + 7) or more general linear differ-
ential-difference equations of the form ZN_a,f ™) = Zp_ Az + 7,), where
7 is real for £k > 0.

This study shows that many of these equations characterize certain classes
of entire functions of exponential type, i.e., every function in the class satisfies
the particular equation and, conversely, every solution of that equation is a mem-
ber of the class of functions.

We first investigate these convolution equations in the case that the measure
itself has a finite Laplace transform on some interval of the real line. When the
interval is symmetric about the origin, we show that the convolution integral rep-
resents a linear differential operator which is related to the measure by its bilateral
Laplace transform. Conversely, we show that the only possible solutions of equa-
tion (a), where the function Z_ a4, 2" is transcendental and analytic in |z| <a,
are entire functions of exponential type @, and thus we obtain a representation
for these functions. Whether Z7_ 02,2" is transcendental or not, we exhibit a
method by which solutions of (a) can be constructed. Finally, where the condi-
tions are as described in Proposition 2.6, we show that all solutions which are
entire of exponential type have a representation as sums of exponential functions.

In the third section, we discuss the behavior of the solutions of

N Joo
®) 2 anf™6) = [ _ftx - 0y duce)
where N is finite and the Laplace transform of the measure may not exist in any
interval. Interpolation methods between derivatives are used to find that, in
general, the solution is necessarily an entire function with exponential type de-
pending on the magnitude of the coefficients a,,, the order N of the equation,
and the L' norm with respect to the measure |u| of a certain function depending
only on the solution.

The next section begins with a theorem showing that any bounded linear
operator acting on the space of entire functions of exponential type @ which are
square-integrable on the real line (a space denoted W,) has a representation as a
convolution. This space of functions, the “band-limited” functions, is important
in information theory where the cardinal series plays an important role.

We proceed to develop conditions on the measure such that equations of
the form (b) characterize the class W,, and exhibit several examples of such equa-
tions. This section continues by considering the equations characterizing entire
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functions of exponential type which have polynomial growth on the real line.
The theory of distributions plays an important part, and we are again able to
classify the measures and hence the particular equations involved. The section
closes by considering an equivalent condition characterizing equations of the form
(b) in terms of the moments of the measure.

This study concludes by offering a generalization for this class of entire
functions of one of the classical theorems in complex analysis.

Note. The large majority of integrals in this paper are considered over the
whole real line. Thus the integrals are to be considered in this manner unless
otherwise indicated.

2. Convolution and differential equations for the class of entire functions
of exponential type. We first characterize the form of the convolution integral.

THEOREM 2.1. Let f(z) be entire of exponential type a. Suppose that u is
a measure such that ¢°'*! € L(d|ul) for some ¢ >a. Then

o) [fe-Dauwy = 3 0, 1™ )
n=0

where N(z) = Z;_o\,2" is analytic in |z| < a, and \ and  are related by the
formula N(z) = fe™** du(t), i.e., by the bilateral Laplace transform. Conversely,
if M2) is related to a measure in this fashion, then (1) holds.

PrOOF. We first define T, by T, [f] = Jfiz — 1) du(¢) where f is entire of
exponential type a. By the hypothesis, we know that the integral is well defined
for all z, since

[ = 1) duco)| < feter o=t apuir

<Ae(a+e)lzl fe(a+€)lt| dlﬂl(t) < oo

for any ¢ > 0 such that e + e < g.
To show that 7, [f] is an entire function, let C, be the circle |z| = r for
r =2 0, and consider

fchﬂ @) az = fcrff(z -8)du(@®)dz = f f c, flz = ©) dz du(t).

But g,(z) = f(z — 1) is entire since f(z) is, for any fixed z. Thus Cauchy’s Theo-
rem implies f Crg,(z) dz = 0 for any r and any ¢. But then

fchpm(z) dz = fo -du(t) = 0

for any circle ». Thus Morera’s Theorem applies to say that T, [f] is entire.
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Moreover, the growth relation demonstrated above combined with the hypothesis
that fe@* 1?1 d|y|(r) < o shows that T, [f] is entire of exponential type.

We wish to apply a theorem of [2], and we thus need to show that T, is
(i) distributive, (ii) commutes with differentiation, and (iii) satisfies the weak con-
tinuity condition defined below.

T, laf(z) + bg(@)] = [{af + bg}(z = 1) du(t)
@ = aflz = 1) du(t) + b [elz ~ 1) du(?)

=aT,[f(z)] + bT, [¢(2)]

so that T, is distributive.
@ Al e -] = fre - nawe

follows from Lemma 1 of §3 below, so that [T, [f]]' = T,[f"].

(iii) The condition we need to show is the following: Let s,(z) = Z}_oa,2"
where f(z) = 2:___0akz" is an entire function of exponential type a. Then
lim, T, [s,(2)] = T, [f(z)] for every z.

To show this, fix z complex. Since f(z) is entire of exponential type a, it is
clear that for every n there exists some number € (0 < ¢ < 0 — a) such that
s,z — Ol <exp{(a + €)[lz| + It]]} for all real ¢, and € does not depend on n.
This latter function is by hypothesis in L!(d|ul). Thus

n o

lim [ a,e~0Fdut) = [ T ae =) du) = [fe = ) du®)

k=0 k=0

n—»co

follows from the dominated convergence theorem. This shows (iii).

Theorem 1 of [2] now applies. Hence T, has the form designated in the
theorem, ie., T, [f(2)] = Zi oA, f ™(2) for some A(z) = Zi_ ), 2" analytic in
lzl <a.

To show that \(z) = fe™** du(t), let z, be any fixed number such that |z,|
<a. Form the entire function of exponential type a given by exp(z,z) for com-
plex z. Since (1) holds for this function:

f exp(zo(x — 1)) du(®) = 20 A, ;Tn,, exp(zyx)

z.x( -zt Zox & -z t b
=>e°fe O dup)y=e?® Z)\n28=>fe duir)= 3 \zp.
n=0 n=0

This holds for every z, such that |z,| <a, so A(z) has the required form.

Conversely, suppose that A(z) = Z;_,\,,2" is analytic in |z| < g and that
A(2) is the Laplace transform of a measure with the hypothesized properties.
Then A(z) is actually analytic in |z] < 0.
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Let f(z) be entire of exponential type a, and let F(z) be its Borel transform.
It is well known for every such function that

_ 1 zw
1@ = 2mi le=a+eF(w)e dw

where € > 0 is chosen so that ¢ + € < 0. Thus

[ =0du0) = 3= [ o R deo due)

2mi

__1 zw—tw
T 2mi le=a+efF(w)e du(t) dw

1
21 Y lwi=a+e

F(w)e“"{ et du(t)} de

-1 tw ¥ n
T 2mi le=a+eF(w)e nZ—-:O A" deo.
But Nw) = Z;_ A, w" is analytic in a disk containing this contour, so the inte-
gration may be carried out term by term. That is,
- = - . 1 n,zw = - (n)
[fe - nyduw = T M 3 S s 1mas FEITEC do = T A L)
n=0 n=0
as stated.
We will proceed now to show that the solutions of equations of the form

(1) are infinitely differentiable and, in general, are entire functions of exponential
type. The cases where A(z) in Theorem 2.1 is a polynomial are considered in
Propositions 3.4 and 3.5. First, however, we consider the case where A(2) is trans-
cendental.

PROPOSITION 2.2. Suppose that (1) holds for some f(x) € C™(R), where
\(2) is a transcendental function which is analytic in |z| < a. Then f(z) is an
entire function of exponential type a.

REMARK. Sikkema [20] states that a “necessary and sufficient condition
for the differential operator F(D) = Z_,a, D" to be applicable to all entire func-
tions of type 7 and order 1 is that the numbers a,, are such that the generating
power series Z_ a,z" defines a function which is analytic for |z| <7”. Our
assumptions on A(z) therefore appear to be quite necessary.

PROOF. Let x be fixed. The convergence of Z,_ a4, f (")(x) implies that
(for \2) = Z;_ya,2z" in (1))

la, ™) —0 asn—> oo

Thus la,f ™(x)| < 1 for all n > N,.
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The function \(z) = Z;_a,z" is analytic in |z| <, so that Tim,,_, ,,la,,|*/"
< 1/a. Thus, for arbitrary € > 0,
g |'/" >1/a~¢ foralln>N,>N,.
Thus
(1/a = e)*If ™M) < 1 forall n > N,

= |f™e) < (l/a— €)™ foralln >N,

= IfM)" < (1/a - €)~?! for all n >N,.
Thus lim sup,,_, . |f @ )I/* < (1/a — €)™, and as € > 0 was arbitrary,
)] lim sup If™)1" < (1/a)~! = a.

n—soo

Define a function g(z) = Z,_of (")(0)2"/n!. This is an entire function,

since

f(n) 0) |1/n <lim supg la "e)_n l/n

n—>co

lim sup
n—»oco

Further, (2) shows that g(z) is of exponential type a.
We claim that g(x) = Z;_of (")(0)x™/n! is the Taylor series expansion for
the original function f(x). This will be true if the remainder term

R,(x,0) = f;‘ ﬁ"—;!’l"f("’f”(t) dt

goes to zero as n goes to o,
Now

IR, (x, 0)] < f b‘ L2t (DT NA

x|+
< max I (nt+1) N
= o<lti<ixl f ®l (n+ l)!

For each ¢, 0 < [¢] < |x], the above analysis shows that there is an N, such that
I+ D@ < (1/a - €y~ *1 for n > N, and € > 0 such that e < lla. In fact,
picking N, according to the above analysis shows that there is some neighborhood
about each ¢ such that a particular N will do. But [0, x] is compact, so that
there is some N' independent of ¢ such that [f** ()| < (1/a — €)=+ 1) for
n>N'and 0 < |t| < |x]. Thus the latter expression above goes to zero as n
tends to %0, so R, (x, 0) goes to zero as n tends to .

Thus extending f(x) to the plane by f(z) = g(z) completes the proof.

ExAMPLES.

ExampLE 1. Consider the equation

3 Z FeMx) = ff(x - e~ dt.

n=0
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If du(t) = %e~'"'dt in Theorem 2.1, then by Laplace transforms
fe‘”du(t) = ’lle’i = Y 22" forlzI<1,
[

so Theorem 2.1 shows that (3) is satisfied by every entire function of exponential
type less than 1.

Conversely, Proposition 2.2 shows that for any f € C”(R) such that (3)
holds, f is entire of exponential type at most 1.

Thus combining the theorem and the proposition shows that equation (3)
characterizes entire functions of expeonential type less than 1.

ExAMPLE 2. In a similar manner, we see that the more general equation
characterizes entire functions of exponential type less than a.

We proceed now to develop a method by which to construct solutions of
(1). We first consider the solutions of equations of the form

K A
©) Y b, f™0) = [fx - 1) du)
n=0
where fe!*! dlu|(f) < o for some ¢ > 0, and K is finite.
PROPOSITION 23. If z = u is a zero of multiplicity N of the function

K
g80) = 3 b,z" = [e* du(n),
n=0

then f(x) = P(x)e" 0%, where P(x) is any polynomial of degree at most N—1,is a
solution of (5).

PROOF. We note that z = u,, satisfies

K
e _ . .
f(“t)ie"'du(t)= nz=:j]!<i>b"zn T if0<j<K,

0 ifK<j<N
Let P(x) = ZN-1a, x™, so that

N-1 u, (x—1)
Jre-0duy = [ 3 ape-0me’™ " dutr)
m=0

N-1 —u.t
=3 ameuoxf(x—t)"'e “o du(r)
=0

N-1

m . , -
= zo ameuox z;)(—l)’(r;.')xm‘ift’e uotdu(t)
m= j=
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where we used the binomial theorem to expand (x — £)™:

x-" = g:o - 1)i<r7>x'" Iy,

Using the hypothesis,
N-1 m I .,
[fe=nau =" ¥ 5 a, () [ > f’('})bnus"]
n=j

~.

Claim.

n (N=1 n N=1 :

d 3 $=eu°x > am(”.l)f!('.l>x’”'iu8“’.
j=om=j 17\

u,.x
© av) X mxe’

m=0
ProorF (Induction on n). n =0. Then
u.x N=1 m

N-1 N-1
> a,x"e ® = e > a, <rg>0!<g>x’”'°u8'° =e? X
m=0 m=0 m=0
so that (6) holds in this case.
Now suppose that (6) holds for n = p. Thus

dxP 1 4

Pl § AN w
xMe 0
m=0

Nt . (m>j!<P> X iyB=i

B (o]

uxl p N-1 . .
_ 0 m\ (P\,m-j, p—j+1
=e ) a, (.5 )\ x™ u

[' '”(1)' (!) °

B S o ()]

j=0m=j+1

+
™Mo
pra
= a
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In the second sum, let j; =j + 1,s0 —j = —j; + 1. Then

|4 N-1 ) )
Z Z Am m j! p (m—j)x""l—lug—l
j=0m=j+1 ] J
p+1 N-1 m
= Z Z am<jl - l)(]l 1)< >(m ] + l)xm_’lug'“'ll
f1=l m=jl

Thus equation (*) becomes

TEE (] e
j=0 m=j I

p N-1 .
t Y 3 gt

=1 m=j
A(n(s) + (=)o =02 Jenr+ 0}
+Ni'a,,,(p+l Jo+1-0(, ) enp -1 e ‘].

But

() (oo 2o+ 0= (737 )

so this becomes

p+1 N-1 X
o5 S o (TP + g

which completes the proof of the claim.
Now using the claim, we have

4+ oo K dn N-1 u.x
f_w fx=0du@®)= 3 b, o [f)] forflxy= 3 a,xme®
n=0 m=0

as desired.

We can extend the previous proposition to the infinite case of the theorem,
ie.,

PROPOSITION 2.5. If z = u, is a zero of multiplicity N of the function
Q) &) = Z b,z - fe'” du(t),

where T;_,b,z" is analytic in |z| <a, and luy| < a, then f(x) = P(x)e" 0%,
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where P(x) is a polynomial of degree N — 1, is a solution of the equation
Zo=obnf (")(J_f) = [f(x = £) du(?).

ProoF. Since Z;_,b,z" is analytic for |z] <a, the hypothesis that u is
contained in this disc and is an N-fold zero of (7) allows us to differentiate the
series term by term to obtain

. —u,t hd .
[eye “aun =% j!(?)bnug"’ for 0 <j<N-1.
n=j
Working as before, we obtain

f fix = 1) du(t) = e Nil % n:j A (’]”)] !<'~1>bnx'" —iyp-i

m=0 j=0 ]

where f(x) is defined as above with P(x) = Zﬁ;})amx"’. Since the infinite series
converges uniformly for z = u,, since luy| < a, we may change the order of sum-
mation to obtain

1o = 1y duco)

Il
®

o n N-1 .
Fr ¥y am(".z>]'!<r.l)b,,xm"u3"i

= i b,f™M(x)
n=0

as in the previous proposition.

REMARK. Including an extra finite sum in the above proof will show that
any combination of the above types of functions, i.e., Elnv__.ocnPn(x)ea”x, will
also be a solution. Proposition 2.6 will show that such sums are the only such
solutions which are entire of exponential type, while Propositions 3.4 and 3.5
concern analyticity of solutions of exponential growth on the real line.

ExampLes. (I) Let

dt if0<r<1,
du(®) =

0 otherwise.
To construct solutions of the equation
1} — l -
®) fw = fe-na

we look at the roots of the function

g2) = fe’”du(t)—z =lze”

-z,

i.e., the complex numbers such that e™? = 1 — 22 (for z # 0). Since there are
an infinite number of roots of this equation, there are an infinite number of so-
lutions of (8).
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Note. 1t will follow from Theorem 3.2 that if f{x) is bounded on the real
line and satisfies (8), then f{(x) is entire of exponential type 1. Thus there are no
roots of e=% = 1 — 22 of the form z = iy for ¥l >1.

(D) Let

dt fort>0,
du(?) = %

0 otherwise.

To construct solutions of the equation

+oo
©) rey=f, fe-nar

consider the roots of
oo 1
= - -zt 3o, _ 1
g2) =z foe dt=z-— (Rez>0).

Thus z = 1/z is the equation to be satisfied for Re z > 0, so that the root is
z = +1. Thus solutions we can construct are of the form f(x) = ce*, for con-
stant c.
Conversely, since [ge™* dt = 1, if |f(x)| < Me* for some constant M and
all real x, and fix) satisfies (9), Lemma 1 will show that |f®)(x)| < Me* for
n =1 also. A theorem of Tagamlizki [21] then says f(x) = Me*.
CONCLUSION. Any solution of (9) which is of exponential growth on the
real line is of the form f(x) = ce*. Thus, solutions of (9) have a remarkable re-
semblance to solutions of f'(x) = f(x).
(III) Consider the related equation

(10) e -4 = [ : - 4f(x - f) dt.

Since z — 4 + 4/z = 0 <= (z = 2)? = 0, z = 2 is a root with multiplicity 2. Thus
(cyx + c2)e2" is a solution of (10) for arbitrary complex constants ¢, and c,.

We now show that every solution of equation (1) which is entire of expo-
nential type is a sum of exponential functions (Proposition 2.5 shows that such a
sum is a solution). H. R. Pitt [17] has investigated solutions of equations of the
form Zf=o FO -y) dk,(y) = 0, where the k() are functions of bounded
variation in any finite interval. In Proposition 3.4, we show that every C"(R)
solution of f™(x) = [f(x - £) du(¢) which is of exponential growth on the real
line is actually entire of exponential type. In Proposition 3.5 we are able to show
that every C¥(R) solution of (5) which is of exponential growth on the real line
is actually infinitely differentiable. Thus it is reasonable at the start to make the
assumption that the solution is entire of exponential type. These results are sim-
ilar to those of Pitt, but the proof is new and applies to the case of the differen-
tial equation of infinite order.
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PROPOSITION 2.6. Let f(z) be entire of exponential type a, Z,_,a,z" be
analytic in a disc |z| < b which contains the conjugate indicator diagram of f(z),
Ife™ %! du(t)| < o for |Re z| < ¢, where ¢ = b, and

oo

Y a,f 0 = [ftx ~ ) du(e).

n=0

Then f(z) = Zg‘c{:oPk(z)ea"z, where the o, are elements of the set of zeros (with
multiplicity m;) of the function

£0) = [ dun) - 3 a,2"
n=0

which are contained in the conjugate indicator diagram of f(z), the P,(z) are
polynomials depending on f(z) of degree my — 1, and M is possibly infinite.

Note. We assume that g(z) is not identically zero.

ProoF. Let C be a contour which contains the conjugate indicator diagram
of f(z) in its interior, and such that C is contained in the disc |z] < b. It is well
known that C can always be chosen to be the circle |z =a + ¢, € > 0. Then
fz) = foe*® p(w) dw, where p(w) is the Borel transform of f(z). Then since f(z)
satisfies the equation above,

):j a, fcw"ezww(w) dw = f f Ce<=—'>w¢(w) dw du(t)

~ [, i;j 2, - W) dw = [ [e e p(e) du(r) de

= fcez“’; femte du(t)%np(w)dw

> fce"" ;% a,w" —fe"“" du(t)%&p(w)dco =0.

We assume that Z7_oa,w" — fe™ ' du(?) is not identically zero. Since p(w) *
{2 =0a,w" — fe™ ' du(f} is regular on C, it is analytic inside C by Pdlya [1,
p. 110].

Then ¢(w) has (at most) poles at the zeros of Z7_ oa,w" — fe~ ' du(r).
Each pole of multiplicity m of ¢(w) contributes a factor of the form P(z)e*? to
f(z), where a is the pole, and P(z) is a polynomial of multiplicity m — 1 depending
on p(w). Since p(w) is analytic outside of the conjugate indicator diagram of f{(z),
only values in this set could be poles of (w).

The function Z;_ ja,w" — fe~*“ du(r) could have an infinite number of
zeros in that set, and thus there could be an infinite number of poles.

REMARK. The previous proposition allows us to prove the classical theorem
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that an entire function of exponential type which is 27 periodic on the real axis
is an exponential polynomial.
For if du(¢) is point mass at —2m, we are considering the equation

fX)=flx +2m) (@,=0ifn=>1).

The set of zeros of fe™?* du(f) — 1 = e2™ — 1 are the points z = ik, k = 0, *I,
+2, ..., and the zeros are simple. Thus

o) = i dkeikz for |n| < type f.
=-n

3. Solutions of equations of the form X _.a, f M(x) = [f(x — 1) du(e).
A. Giroux [7] has shown that a bounded function f(x) which satisfies the equa-
tion f'(x) = ff(x — t) du(?) for all real x, where u is a complex measure, is an
entire function of exponential type |u|(R). Theorem 3.1 is an extension of this
theorem to the case when the function is not necessarily bounded on the real
axis.

The remainder of this section deals with equations of the above form when
the measure is complex but does not necessarily have a finite Laplace transform
on any interval of the real line; these results cannot be obtained from those in §2.
First, in Theorem 3.2, we consider the cases when f(x) is a bounded function for
real x and

FM(x) = ff(x - du(t) forn>2,

and then, in Theorem 3.3, consider the same type of function when the left side
of the equation is of the form P(D), where D is differentiation and P(z) is a poly-
nomial.

Finally, we consider these same equations in the same order but for the case
that the function may have exponential growth on the real line and the measure
has a finite bilateral Laplace transform in an interval about the origin. We have
already shown in Proposition 2.2 that solutions of the differential equation of in-
finite order are entire of exponential type, and the Propositions 3.4 and 3.5
following are concerned with those equations with the differential operator of
finite order. Recall also Proposition 2.6 for the particular form of the solutions
in the case that they are entire functions of exponential type.

To consider several cases at the same time in the first theorem, we make the
following definition:

DEFINITION. Let f(x) be continuous for all real x. We say that J(x) €
C(R) is a bounding function for f(x) if

(@) 1)l < Y(x) for all real x and
(i) 34,(¥) D ¥U(x — ) < AgY(x)Y(-?) for all x and ¢.
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The smallest such constant, denoted A4, will be called the supporting constant.
ExXAMPLES. (a) ¥(x) = e*™*!, since e?* 1 < etl¥leal?l, 4 =1,
(b) Y(x) = e**, since exp(a(x — 1)) < exp(ax)exp(—at). A = 1.
(c) Y(x) =M > 0, because M = AMM. A = 1/M.

LEMMA 1. Let f € CY(R), ¥ be a bounding function for f', and define
h(x) = [fx — t) du(t). If JY(=1) dlui(t) <o, then

K = 16 = 1) duco).

Proor.
K'(x) = lim hx+a)—h(x) _ lim a~ f[f(x +a—-1)-fx —1)] du()
a0 a a0

= limff'(x+a0—t)du(t) for0<6<1

a=0

by the mean value theorem. But |f'(x +af — )| <A - Y(x +ab) - Y(-1) €
L(dlul(f)). Thus an application of the dominated convergence theorem allows us
to conclude that

K (x) = f lim f'(x + a6 - £)du(t) = [£'(e = 1) du().
LEMMA 2. If |[f ™))l < B™Y(x) for n = 0 and x real, where y(x) € C(R),
then f is entire of exponential type B.
Proor. We first show that f{x) is represented by its Taylor series about
zero. If R, is the remainder term in the series, then
(n) n
R, () =f——%L for some |x] > & > 0.

But

R,_ )< By 2 Ixl” =yY(§) IBnL'I" for every n,

and the latter term vanishes as n — o, So f{(x) is represented by its Taylor series
for any x.

Define fiz) = Z,_of (")(0)z"/n!. Then f(x) is the original function for real
x. This series defines an entire function, since the radius of convergence of the

series is
1/n |-1 (2 1/n7]-1
] >[lim B[wn(:] ] = oo,
n=»>oco .

IAR(O)]
n!

[lim sup
n—>o

Further, we have
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lim sup |n!

n—>co

o/
!

= lim sup |f™(0)|!/"
n—>oco
< lim |B"y(0)|'/" = B,
n—>oo

so the function is entire of exponential type B.

THEOREM 3.1. Suppose f € C(R) has the bounding function y(x). Let V =
JY(1) dlul(®) < e for some complex measure u(t). If for each real x

an ey = [1te = ) duce),
then f is an entire function of exponential type AV, A the supporting constant.

Proor. Fix a, and choose a sequence such that X, —>aasn —> o, Then
for § >0,

Jim [£6e,) = @] = lim [1fx, = 1) = fla = )] du(o).
But

o, =) = fla =0 < Y(x, =) + Y@ - = {Y(x,) + Y@} (-1)

S, 2max WOl Y1) € L' (di()

so that the dominated convergence theorem implies
Jim [f'Ce,) = £'@] = [lim [fix, =)= fla = 1)] du(t) = 0

for every such sequence. Hence f' € C(R).
Since

el < [ifee - 1)l diule)

<AYE) VD () = AVYE),

we see that £'(x) has the bounding function AV * Y(x). By Lemma 1, f m(x) =
Jf'Ge = 1) du(); so

FDI <AV [Ux - 1) dial(e) < AV ().
By reiterating this procedure, we see that f € C*(R),
f®@ = [V - Ddu), forn>1,

and

™) <@V ¥(x) forn>0.
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The conclusion follows from Lemma 2.

ExampLes. (1) If f(x) is bounded on the real axis and (11) holds, then
[7x)| <M = Y(x) has supporting constant A = 1/M. Thus, the type of f is given
by

[ Mdlel = WiGR.

This is just Giroux’s theorem [7].
(2) Let fix) = 2* = Y(x), and let du(f) be the measure which has mass 2
at t = 0. Then (11) holds, and the type of f is given by

V= [e2dui(e) = 2.
(3) Let—o <t <+ and

T4£—12k 2k + 1
i —_— - — + +
T7T(2k+l) if ¢ 27 mk=0,%£1,%£2,...,

0 otherwise.

au(t) =

Boas [1] has shown that
o) = _4r 2% +1
ror= [ -naun =% ¥ 550Gl Bt )

for every entire function of exponential type 7 which is bounded on the real axis.
In this case

MR =2y o=,
&~ (2k+1)
so that the converse also holds.

We can extend this theorem to more general equations. The growth of the
function f(x) along the real line determines the form of proof required, and we
first present the cases where f{x) is bounded for real x before moving on to a
more general situation.

THEOREM 3.2. Suppose that f € C"~'(R), n > 1, |f(x)| < M for real x,
and there is a complex measure . such that

(12) F™6) = [fox - D du(e).
Then f is entire of exponential type [ul(R)] /™ for n > 1.

ProoF. If n = 1, the theorem follows from Theorem 3.1 for the case when
f(x) is bounded. Thus we assume n > 2. Let K = |ul(R). It follows from (12)
that

FP ) < f IfGx = 1)l dlul(f) < MK.
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If M; = max, |f (x)| for j > 1, then Kolmogorov’s inequality [11] states
IF O <, MU*MMER for 0<k <n.

The constants Tn, k are well known and are such that 1 < T < /2 for 0 <k <
n. Thus we have

F®)] <, M FMEFM =, KEIPYO-RERIR for 0 <k <.

Let C = max, ¢y <, (1,1} In general, then |f®)(x)| < CK*/"M for 0 < k <n.

It follows as in the proof of the previous proposition that f € C"(R). The
constant MK is a bounding function for f")(x), so Lemma 1 gives f** Dx) =
Jf'(x = ©) du(f). But then

IF+ D601 < [IF6 - Dl dlul)) < KM - K = CK Dimy,

So again we may show f € C"*}(R), and Lemma 1 gives f (n+2)(x) =
JF®x - 1) du(t). Iteration of this procedure n times gives

FO+R ) = f O - dur) for0<k<n
and

IFP+HR6) < CKMHEMM for 0 < k <.

But then we may repeat this procedure to show that

FO+D ) = f FO% = du@) forj=>0
and obtain

IFDe) < CKI"M fori> 0.

Now Lemma 2 applies, with B = (K'/™)" for i > 0 and W(x) = CM. That is, f
is entire of exponential type K1/".

ExAMPLES. (1) Let du(¢) have mass =9 at ¢ = 0. Then for n = 2, (12)
becomes f(*)(x) = —9f(x) which has the function sin(3x) as a solution. Note that
sin(3x) is entire of exponential type (lul(R))'/2 = (I-9])!/2? = 3.

(2) Let du(f) have mass —1 at t = m/2. If n = 5, (12) becomes the differ-
ential-difference equation f(5)(x) = —f(x - n/2). Since cos(x — m/2) = sin x and
d®[cos(x)] /dx® =—sin x, we see that cos x is a solution of this equation,

This agrees with the theorem since cos x is entire of exponential type
(-1p'/% =1.

The final theorem dealing specifically with functions which are bounded on
the real line for this section is the following:

THEOREM 33. Let f € C"(R), |ftx)| <M for real x. Suppose
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n »
(13) LI = X e, f D) = [fox = ) du(e),
i=0
where | is a complex measure and the coefficients satisfy Ic;| < Cifori=0,]1,
...,n—1and |c,| = C" for some constant C.
Then f is entire of exponential type 2~ VI"C=1[y* + V11" where V
is here the variation of the measure |u|(R), and v = Z}_, {7, ,_ o} /¥ where the
Y, 1 A€ those constants determined by Kolmogorov which solve Landau’s prob-
lem for L*(R) (as on p. 161).

Proor. Let L, [f(x)] = C™"L[f(x)]. Since L, [fx)] = C"[flx - £)du(f),
L, [ <C"MV =MV, ifV,=C"V.

Since L, [f(x)] and f(x) are both bounded on the real line, we may apply Landau’s
Theorem 1 from [13] to say that |f*)(x)| is bounded for 0 < k < n.

In particular, |f)(x)| is bounded, so we may again apply Kolmogorov’s
theorem to obtain precise bounds on the intermediate derivatives:|f %)(x)| <
My <v, M@-Bnpkin 0 <k <n. Equality does hold for the case of

the spline functions, as Schoenberg [19] shows. Now,
n—

1 .
™) =L, [fx)]- X d;fOx),
i=0

1=

where |d;| < C'=" = (C™')"~!. Let D=C"", 50 that |d;| <D"~*fori=0, 1,
...,n—1. Thus
n-—1 n—1
M, <MV, + Y D" *M, <MV, + X D" %y, MO-0)npkin,
k=0 k=0 '
Now we apply Lemma 3 of Halperin and Pitt [8] with x,, = M,‘,/ " a, =MV, +
D"y, oM, - . ., aq =Dy, ,_M'I" to obtain

ML/ <Dy, ,_ M'" + Dy, ,_MPI"]
Foeot [D"-I'Yn,lM("-l)/n] 1/(n—-1) 4 My, + Dn'Yn,oM]l/"
= MY/ <Dy, ,_ M'" + DMy, 1M
++ oo+ DMy, JVE-D 4+ (v )1 m + DMLY

where we used the inequality (z + b)!/* <qa!/? + b1/" fora, b > 0.

n
k=1

or if 'y = 22:1 %Yn.n.—k}llk,

= ML/" < DMny + MAmY YR,
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So using Kolmogorov’s inequality again

Mk < ,Yn’k_M(n—k)/nM'I:/n
<7n'kMu——k)/n[DM1/n7 +Ml/”V}/n]k, 0<k< n,
=>Mk < 'yn'kM(n—k)/"zk—l [DkMk/"')‘k +Mk/n V’]C/n]

where we used the inequality (a + b)¥ < 2%~ 1(a* + b¥) fora, 5 > 0. Since
v, =DV,

M, <7, k_M(n—k)/nzk—le/nDk[,yk + V"/”]
so the general inequality is
(14) My <7, 2T IMDF[Y* + VFIn], o<k <n.

In particular, M,, < 2"~ !MD"[y" + V], since Tnn = 1.
ExaMmPLE. If n =2, we have M; <2 MC'[(1 +v/2) + V!/?] and
M, <2MC™2[(1 +/2)* + V).
Now note that
(5 ) = (Fe -
= <§0 O ) = [t = ) duce)
by Lemma 1. Le.,

n

2 oif ") =[x = 1) du(o),

i=0
which says that f'(x) satisfies (13), and f € C"*!(R). Iterating this procedure,
we see that £ (*)(x) satisfies (13) for 0 <k <n, and that f € C?*(R).
If we then apply the inequalities (14) to the function f (*)(x) for k fixed,
0 < k < n, we obtain

Mytj <Y ;27 "M DY + VIIn], 0<j<n,
@ My <% 277, 27 DFMIY* + VP DIy + vilm)
= Mot < Vo Y 20O T2 DHIMEYE 4 YRImy ] 4 il

In particular M,,, <22"~2D*"M[y" + V]2. By repeating this procedure on each
successive block of n numbers, we obtain f € C”(R), and My, < 2/n "D’”M[Y’ + V]/
for j > 1, with the other appropriate bounds on the intermediate derivatives.

We proceed as in Lemma 2 to define the entire function whose restriction
to the real axis is f(x). Since the exponential type is given by lim supk_mM,“/ k
we first note that the lim sup will be attained by the subsequence of the M,’s
such that k is a multiple of n. That is, the exponential type is at most
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lim M}/" < lim [2"~/DI"M[y" + V)] Vi
j j—»ee

]—)W

= lim M < lim 27— DIy + )i

joroo joe

— 2("— l)/nc—- 1 [,Yl + V] 1/n
as claimed.
EXAMPLE. f(x) = €'* is a solution of the equation

=4f"(x) + 2f'(x) = f0x) = fx) = [1x = 1) @)
if du(t) is point mass at 0. In this case, C = 2, so the theorem gives
type(e’®) = 1 < BVA( +V2)? + 1)V? ~ 1.63.
We would like to show that similar theorems hold when f{x) is exponentially

bounded.
First,

LEMMA 3. If If ™) < Pe™™! for > 0and n > 1, then
PO B <77 RP+Cy 7+ Cy_py7? + -+ Cy_y7F)e™™!
where C,_, = [f®=9)(0)l,0 <k <n.
ProoF. (Induction on k). Suppose k = 1. Since
[ ®@ at = =Dy - r=10)

1
;

X

= FO V@IS IO+ Pf e dr=C,_ + Peil”

= IfO DI <@ + ¢, e
Now if k > 1, we assume that
IFe-m)e) < ™P + Cpyrt:+ C,,_m‘r’”)e”"I forl<m<k.
Since
If("”"'l)(x) _f(n—k—l)(o)l < f:lf("_k)(t)l dt

STRRHCuyr 4+ Gy e M ar
= lf(n—(k+ l))(x)l
SIfO-*-DE) + ~FEDP+C,_ 7+ + Cn_k'r")e”"'

= (- G+ D)

<7 G+ 4 Cpym+ -+ Cn—k"k + Cn—(k+1)7k+l)eﬂxl'
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In Proposition 2.6 we showed that an entire function of exponential type
which satisfied an equation of the form in the following proposition was a sum of
exponential functions. The following proposition makes it clear why this hypoth-
esis on the analyticity of the function was chosen, since a solution which is of
exponential growth on the real line is shown to be entire of exponential type.

PROPOSITION 34. Let f € C"(R), If(x)| < Me™™! for r > 0, and suppose

P = [f&x = due) forn>2
where V = [e"'! d|u|(f) < . Then f is entire of exponential type at most Vi/",

ProoOF. We have

F™e)I < [ifte - 0l dlu) < Me™=f e dluiey = M.
By Lemma 3,
FOPE < TTEMY + Gy 7+ 4 g for 0 <k <.

By Lemma 1, f®*+D(x) = [f'(x — £)du(t), and in fact f *+¥)(x) =
JF®(x = £) du(r) for 0 < k <n. Thus

|f(n+k)(x)|’ < Tk_n(MV + Cn—IT + Cn—212 4o+ Can—k)eT|x| -V

for 0 < k <n, and |fM(x)| < MV2eT™!,

Repeating this process, we obtain |f""+%)(x)| < B, V™e™*! for 0 < k <
nm=1,2,...where B, =7°""MV +C,_ 1+ C,_,7* + -+ C,"")
and | ")l <MV form =1,2,... .

Now,

lim sup [fDE)|1/ < lim [B,CV"’]("‘”""")_l = ylin
joo m-=>oo

for 0 < k <n fixed.

It then follows from Lemma 2 that f is entire of exponential type at most
yiin,

REMARK. Proposition 2.3 showed that we could construct a solution of
the equation f("(x) = [f(x — £) du(f) of the form €% if z = @ was a zero of the
function g(z) = 2" - fe~** du(r), i.e., if o* = fe~** du(¢). But Proposition 3.4
deals with the exponential type of solutions, and for functions e** of the above
form we see that their exponential type |a| is such that

fe—atdy(t) /n < {ﬁe-atl d|l~l|(t)}l/n < {fe~Rea'td|u|(t)}l/n

lol =

SO
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1
o) < {felkealltl dll.ll(t)} /n.

Since |e®*| < e'Re® ¥l on the real line, the solutions which we can construct
using Proposition 2.3 have exponential type agreeing with bounds given in Prop-
osition 3.4.

Further, a function of the form e*Z is bounded on the real line only for the
case that & = iB, B real. For a solution of this form, the above analysis gives

ligl < {f le= 7| dlul(2) }”" = (i)

Thus again the exponential type of solutions which are bounded on the real line
and which we can construct using Proposition 2.3 is that as predicted by Theorem
3.2.

LEMMA 4. Let f€ CN(R), and |f(x)] < Me™™\. If 1ZN_ga,f M)l <
Be™™\, then |f*)(x)| < Me™™!, 0 < k < N,where M, is a constant depending
upon the function and k, and ay; # 0.

Proor. First we note that if g(x) is a function such that |g(x)| < Me™ ¥
and if h(x) = [Zg(?) dt, then |h(x)| < 77 M\,
(Induction on N.) Let N=1. Then

la, f'(x) + aofGe)l < Be™*! = |f'(x)] < lay |71 B + lag IM)e™™!

so that the lemma holds in this case.

Suppose that the lemma is true for N = K, and consider the case that
=K+ 1a, f™M(x)| < Be™™.

If h(x) = [5(EX2 da, f™)(e)) dt, the note above gives |h(x)| < 7~ 1Bem*!,
But

K+1 X (n) K+1 % (n) x
= sl Fafyousaf on

K K x
=3 a0 fPE) = X 0,4,/ M0O) +aof SOt
n=0 n=0
Then

K x K 1 x1
> 31 /) +ao [ e - |2 an+1f(")(0)l < ()l < 7 1BeH
n=0 n=0

K
= <laolf :V(t)ldt +13 a,4,/™©) + 7= 1BeTIx!,
n=0

K
2 4y 1f(n)(x)
n=0

Since [f(x)| < Me™'*!, we use the above note again and let po = 1ZX_ 02,4 S0)
so that
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K
3 @, )| < (oM + py + 771 B)e" .
n=0

By the induction hypothesis, |f (")(x)l SMpe” 1 for 0 < k < K. Further,

K
If(K+I)(x)| < laK+l|_l[Z Iaaneflxl + Be‘rlxl]
n=0

K
=>|f(K+l)(x)| < laK_Hl—l , E Ia,,lM,, + B%eﬂ’d
n=0
and the lemma is proved.

PROPOSITION 3.5. Let f € CN(R), If(x)| < Me™™' for real x and 1 >0,
ay #0,and

N
Y 4,/ = [ix = 1) ducy),

n=0

where V = feTl! dlul(t) < oo Then f(x) is infinitely differentiable.

ProoF. Since

N
3 a,f™(x)

n=0

Lemma 4 shows that |f®)(x)| < M,e™™, 0 <k <N

< [1ftx = 0l dlule)) < Me™ = [l dluiry = vateT'=!,

N
> 0, f™) = [fox - 1) du(r)

n=0

N-1
=>fW)(x) = > (—an)f(")(x) + f fix = ) du().
n=0

It follows from Lemma 1 that the right side of this equation is differentiable, and
that in fact

f(N+ 1)(x) = NZ_I (-a,,)f(”"' l)(x) + ff'(x = 1) du(?).
n=0
Further,

N
OIS T Fa,_ HFO@)I+ [if'ee - o)l dlulcr)
n=1

N
= If(N+1)(x)| < <Z [an_an +Ml V)e‘l'lxl
n=1

using Lemma 4, where the M,, are as in Lemma 4. This process can be repeated
indefinitely, proving the proposition.
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ReMARK. The Propositions 3.4 and 3.5 have shown that the equations
Eﬁ;oan F™(x) = [f(x — t) du(t) have solutions which are entire functions of ex-
ponential type when all but one of the a, are zero, 1 <n <N, and are at least
infinitely differentiable otherwise.

For entire functions of exponential type, equality in the above equation
holds not only for real x but for every complex z.

To see this, consider the equation above in the following two cases: (a) f is
entire of exponential type 7 and bounded on the real axis, and u is a complex
measure; and (b) f is entire of exponential type 7, and fe?'?! dul(f) < o for some

og>T.
Note first that the convolution integrals have finite values for complex z.

In case (a)

Jife - Dl dli) < Me™' - iR)

forz=x+iy and M = max_., ., < .|flx)| by [1, Theorem 6.2.4], and case (b)
follows as in Theorem 2.1.

If f(2) is entire, certainly EI,L 0dnf (")(z) is also. But for both cases, as in
the proof of Theorem 2.1, then so is ff(z — ¢) du(t). Thus if these two functions
agree on the real axis, they agree everywhere and conversely.

4. Characterizations for certain classes of entire functions of slow growth
on the real axis. We now wish to focus attention on entire functions whose growth
on the real axis is slower than exponential. Let B, be the set of entire functions
of exponential type @ which are bounded on the real line, and let W, be those
functions in B, which are square-integrable on the real line.

In the following, the Fourier transform performs much the same role that
the Laplace transform did in the previous analysis. Results here are more general
in the sense that solutions of equations with polynomial differential operators can
be more complicated than sums of exponential polynomials and can be, say, the
space B, or W, itself.

This first theorem shows the importance of convolution, and hence these
equations for W,.

THEOREM 4.1. Let T be a bounded linear operator on W,. Then 35y €
W, 3

a

(TNG) = [fex = )o@ dt

-1 5 f(r;—”)sT<x—’%) VIEW,

n=-—oo

(15)

The operator T may have such a representation for various functions s, in
W,, but s = T(sin at/nt) is an example.
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If further s;. € L'(R), then ITIl < llsy I,

Note. This shows that every bounded linear operator on W, is represented
by convolution, in either integral or series form with an element of w,.

PrROOF. Let f, g € W, and A, = nn/a for any integer n. Note that
{(Za)’lei}‘”x +2_ . is a complete orthonormal set in L2(—a, a).

We first show that

(16) ff(t)g—(t-) dt = ‘11_r +Z°:° f\)gQ\,), for A, as above.

n=-—oo

Since f € W,, the Paley-Wiener theorem shows that f(z) = (1/2n)fe™ ***F(¢) dt
for some F(f) € L%(~a, a), F(t) = 0 for |t| >a. In particular,

—i\
20 =[* ¢ "Ry dt
a 1 —ix ¢t
= 2nfQ\,) = 2 f _aF(t){ize n }dt.
Similarly,
a .
21g(2) = f _,EE6Od,  GEL(-q,a).

Thus on L%(~a, a) with inner product given by (x, ¥) = 2af® x(t)y(?) dt, for
X, ¥ € L*(-a, a), we have

+ oo
u[FOGHdt = 3 Qo100

n=-—oo

2 o
> [Foe®ar =2 3 10,500

n=-—oo

But Parseval’s theorem gives

[reyear = % Jnfyan®) dr = 2nf 0@ ae

+ oo
=~ JE®ar =7 % 100,

n=-—oo

thus proving (16).
Define sinca(f) = sin at/nt € W,. It is known, for example [4], that the
first part of (15) holds when T is the identity operator. That is,

FEW, = flx)= ff(x — t)sinca(z) dt.

Another proof of this fact is contained in Theorem 4.3.
Since T is an operator on W,, this implies that
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[T (x) = f [Tf](x — f)sinca(?) dt

= f[Tf 1(¢)sinca(x — 1) dt = g g [Tf1(\, )sinca(x — A,,)

n=-—o

by (16).
Kramer [12] has shown that

-]

e et -a) = 3 )Tl 6~ )

n=-—o n—-—oo

holds for @ = m and \,, = n, but his proof also works under these more general
conditions. But using (16)

+oo
TS fonTGinea)](x ~2,) = [A[Tinca)l 6 = ) d

= [ fx - [ TGsinca)] () .

Since s = T[sinca] , we have

T =
[T716) = [fix = DspOdt =7 T fO)or(x = A,)

n=-—o

so (15) is proved.
If s, € L', f € L2, then Young’s inequality gives If * splly < lsph If1,,
i, ITF1, < Ispl 1f1, = IT1< lsgl,.

PROPOSITION 4.2. Let D" be a differential operator of order n on W,
Then ID"* |l = a".

PrROOF. By the Paley-Wiener theorem, an element of W, has the form
@) = f* ,€"*g(t) dt, for some g € L*(-a, a). Thus

D)= [ (iyeita(r)ar.
-a
By Parseval’s theorem

11 = [ 1nlg(o)? de <o [1e)1? de = > 1£12

= ID*fl, <a*lfl, = ID"I <a".
We now exhibit a sequence in W, which gives equality above: Let [R@) =
2 g, (1) dt, where
" ifa-(n-Dn)<t<a,
g,(8) =

0 otherwise.

Then
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a a
D5, 12 = [ _ N lg, (1 dt = ] g

a2WN+n)+1 ( 1)2(N+n)+1
=avimr1 )\ 7a
and

¢ 2n+1
7, 12 =f_a|8n(t)|2 dt=f: pan gy = 20 gl _ (I _-1-)2n+1%.

(= 1)/m) ¥ 1
Thus
IDVF 15 WML gy (g - 1) 2OVEmELY gy 4 g

'1‘1_13100 £, 13 T AN+ +1 {(1-Q - 1p)IFTy naFl

= lim 1Dyl 2= aN o ntl
. lim {1 _(1 — l/n)2N+2n+1}
n-»oo {1 - (1 - l/n)2n+l}
=a*¥ - 1 - lim (2N +2n + 1)1 — 1/n)2W+n),—2
nve  (2n+ 1)1 - 1/?1)2"(}1)"2
by L’Hospital
— 2N 1.1 2N +2n +1 _l>2N_ N
¢ ! ,P-I:noo 2n + 1 (1 n =a
IDNf |
= lim ————— =4V
R T

and the proposition is proved.

REMARK. We can combine the above proposition with the previous theorem
to obtain the following:

If f™(x) = [f(x — typ(t) dt for ¢ € L'(R) and n > 0, for every f € W,,
then the exponential type of f =a < {|l¢||l}‘/ n,

For the above equation says that D"f = f * ¢, so the theorem applies to
give D"l < llpll,. But then 4" = D" < llpl; by the proposition, which implies
a < {lgll }1/m.

Examples of this situation occur in the next section.

We note the analogy between this result and Theorem 3.2.

Given a square-integrable, N-times continuously differentiable function on
the real line as f{(x), the following theorem states conditions on the measure such
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that equations of the form (17) characterize the class W,. Moreover, if an equa-
tion of this form is satisfied for all functions in W,, the measure must be of the
particular form described below:

THEOREM 4.3. Let f € L2(R) N CN(R). Suppose du is a measure such that

[ v
2. a,(it)" for |t| <a and a, complex,
n=0
i) = o N
g(t) for |t| > a, where g(t) # 3. a,(iD)"
n=0

\ for any t such that |t| > a.

Then
N
a”n [fe-nduny = 3 a,f ™)
n=0

ifandonly if fE W,
Further, if (17) holds for every f € W, but not for every f € W,, where b >
a, then [i(t) has the form above.

Proor. First note that if f € W,, then all its derivatives are in W, and thus
Fourier transforms of every derivative exist.
Suppose f € W,. Since f(t) = 0 for |t| > a, then (except possibly at ¢ = a)

. N
f(t)[ﬁ(t) -3 a,.(it)"] =0
n=0

= ) = Zo 2, @)ty = Y a,f™).
n= n=0
But (f * du)” = i, so we have
N R
( * du) () = zz a,.f""(f)% .
n=0

Taking inverse transforms, we see that (17) holds.
Conversely, if (17) holds, we reverse the order of steps to obtain

N N
f(t)[ﬁ(t) -3 a,,(it)”] =o0.
n=0

By the assumptions on the measure y, this implies f{(£) = O for |¢| > a. Taking
inverse transforms, we have

o= iaei’“(21r)_ 130 dt

so f € W, by the Paley-Wiener theorem.
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Finally, if (17) holds for every f € W,, it certainly holds for the function
(nx)~ sin ax € W, whose Fourier transform equals 1 on the interval (-4, ). The
equality above shows that then fi(f) = Eﬁ’___oan(it)" for |¢t| <a. If [i(¢) had this
form for the interval |t| < b where b > a, the previous argument would show that
(17) holds for every f € W,. This would contradict the hypothesis, so that ae)
must have the form described.

ExampLes. 1. The Fourier transform of the function sin at/nt € W, is one
on [~a, a] and zero elsewhere. Thus for du(f) = sin at(nf)~! dt, the previous
theorem shows that

@ 0oyt § ()t

n(x — nm/a)

n=-—oco

where the latter equality follows from Theorem 4.1. This is the cardinal series,
or Whittaker-Shannon interpolation formula. For functions in L*(R), it charac-
terizes the class W,.

The series does converge under slightly less restrictive conditions on the
growth of the function, see Jagerman [10] for example.

II. We have
ey = _ @t cos at —sin at
o) = ffoe - ==
(19)
_T ¥ (nn\ d sina(x —nn/a
m f( ) (x = nn/a)
T a n_z_:“ dx w(x — nn/a)

by Theorem 4.1, since differentiation is a bounded linear operator on W,.
For square-integrable functions, the fact that the Fourier transform of
[at cos at — sin at](mt?)~! equals it for |¢| < a leads to a second proof of the first
equality by use of Theorem 4.3. Further, this theorem shows that the above
equation characterizes such functions as elements of W,.

Boas [1, p. 221], has shown that

f'@) = —a sin(az) Z - 1)"f( )(az nm)~2 + af(z)cot(az)

n=-—oco

for f € W,. Using trigonometric identities such as (—1)"sin az = sin(az — nm), it
follows that this equals

P2 LG poe) o) () )

This is, of course, the series in (19).
II. Consider the operator D? + a*[ acting on W,. One calculates that
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. 2. . .
sinat —a®sinat 2acosat , 2sinat sin at
D? + a? = - + +q?
( n nt nt nt* Prc I -
_ 2)sinat_a cosat
Tn) 2 2

Thus for f € L2(R), Theorems 4.1 and 4.3 show that

') + a*fx) = ,Z'Jf(x - t){%alt_ a cc:s atz it

(20)

a)) (x—nnfa)® = (x —nnja)?

n=-—oco

_ % "'Z“ f(mr) { sin(ax —nm) _ a cos(ax — nm) z

is characteristic of the class W,.

The latter series appears to be analogous to one found by A. J. Macintyre
[14,p. 4].

IV. Define a measure du() by

—Dfa/k ift=knja, k=1%1,2%2,...,
0 otherwise.

auty ={

Then
-1 1k o , 1\k
i=a3 %Le—iknt/a +a Z_LkD_e—ikm/a
- 00 l

=g iﬁ‘_l)k:_l [elkntla — g=iknt/a)
o 1)1

=ia-2 T EL g kg
1

=ia(t/a) for |t| <a.

So fi(t) = it for |t| < a, and for |t| > a the graph repeats.
Thus this measure is of the form prescribed in Theorem 4.3, and

= —1)*
fﬂx TowO = k=—:£:;k¢o L_}‘Lf(x - ’%)

is a series which converges if f € L%(R).
For example, to show the convergence of the series

]

we may consider the integral

J‘:" fx —twt{agl dt
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By Holder’s inequality,
0 1/2\ re= dt |1/2
J' Ifx - nt[ag dr< if |f( ____)l % ;J'l F_i < oo,

Similarly, one can show that the part of the series when k is negative is convergent.
Thus

e fo=a 5 Clg(c-tr)
k=—c0k+0
for f € L2(R) N C'(R) is characteristic of f € W,.
Kramer [12] has shown that this particular series holds for f € W, in the
case that x is an integer.
V. Define a measure du(t) by

-a*/3 ift=0,
202 -1 k+1 . kn
= =—,k==%1,%2,...,
du(®) =k if t a,k 1, £2,
0 otherwise.
Then
2 2 doo o 1vk+1
po=-L 2§ D e
T k=—ock+0
2 2 oo k
2 2 €y 3 (km) ..(km‘)z
= - cos|— ) —isin|—
3 0w k=_§‘¢o k a a

2 2 e Nk
=>—{() = %— + %2 > g—lg— cos(%ri) =1 for |t| <a,
k=1

ie., f(t) = (i)? for It| <a, and the series repeats for |t| > a. Thus

" a“flx -1
@  re=--29.,% CF i(x-1r)
k=—o k¢0
for f € L%(R) N C?(R) is characteristic of f € W,.
But note that the series converges under the weaker assumption that f is only
bounded. Since

242 2 2 /.2 2 2
) =5+ 25 ,;‘:="—+4—"r("—)=5‘3—+—=a2,
T g=_ k0
Theorem 3.1 shows that if f{(x) is a bounded function which satisfies (22), then f
is entire of exponential type a, or f € B, as defined at the beginning of §4.

We would like to show that every f € B, satisfies (22). If this occurs, then
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for bounded functions, this equation will characterize B,. That fact is a conse-
quence of the following more general theorem.

THEOREM 44. Let du be a measure such that

[ ~

> a,t)" forltl<a,

n=0

() =4‘ N

g(t) for Itl > a, where g(t) # 3. a,(it)"
n=0

\ for any t such that |t| > a.

Further suppose that [t dlul(f) < = for some J = 0. Let f€ CN(R) be such
that f(x) = O(1x|”) as |x| — . Then

N
(23) [ -nduy = 3 a,f ™)
n=0
if and only if f is entire of exponential type a. Further, if (23) does hold for this
class of functions, then [i(t) = E’,Y__.oan(it)” for lt| <a.

Proor. First note that the assumptions on the growth of f{x) and on the
measure assure the existence of the convolution integral for all x. We may consider
f as a tempered distribution, that is an element of S’ where S’ is the set of con-
tinuous linear functionals on the space of rapidly decreasing functions on the real
line.

Suppose first that f is entire of exponential type a. As a functional in s’
it has a Fourier transform f in S’ whose support is in the interval [-a, a]. The
convolution f * du is also a distribution, and (f * du)™ = fif. By the hypothesis
on the measure,

" N " N ~
if =3 a @y -f= (Z a,,f<")>
n=0 n=0

SO

A N 9
(f *duy = (z anf(n)> .
n=0

Taking inverse transforms, this gives (23) as distributions and thus as functions.
Conversely, suppose that (23) holds. We have that

N

(f % du)" = <§: a,f ‘")> =X a,@)"f

n=0 n=0

So

N R N ”
=3 a,@ and <ﬁ— > a,,<ir>">f=0.
n=0

n=0
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By the hypothesis on fi, we have f = 0 outside the interval [-a, a]. Thus the
support of f is in the interval [-a, a]. Hence by [18, p. 183], the function g(z)

= fle~*?) is entire of exponential type a and the restriction of g(z) to the real
axis is the Fourier transform of £ Of course, the Fourier transform of f is nearly

f; the relation between them as distributions is given by (f)e(x)] = f(¢(—x))
where o is an element of the space of rapidly decreasing functions on the real line.
Thus g(—z) is an entire function of exponential type a which is equal to the orig-
inal function f(x) on the real axis. Hence f(x) extends to an entire function of
exponential type a, as claimed.
Finally, if (23) does hold for the set of entire functions of exponential type
a such that f{x) = O(IxV) as |x| — o for any fixed J = 0, then it holds for the
functions e’*? for |k| <a. The characterization of the measure follows.
ExampLES. I(a). The function cosc(t) = [cos(af) — cos(a + €)t] [emt? for
€ > 0 given has the Fourier transform
1 ifltI<a,
elt+at+e) if-a—e<tr<-g,
[eose(®)]" = { _, )
€' (-ttate fa<t<a-+te,
0 otherwise,

and cosc(?) is in L1(R). If fis a bounded function on the real line, the previous
theorem shows that

24) Jftx = t)cose(t) dt = flx)

is characteristic of B,.

Note that (24) holds for f € W,, so the remark following Proposition 4.2
shows that 1 < llcosc(t)llLl.

I(b). Since cosc(f) is an L(R) function which is also entire of exponential
type, Theorem 11.3.3 of [1] shows that each derivative of cosc(f) is also in L(R).
The relations

[d"cosc(2)/dt*]" = (it)" [cosc(D)]”

hold for n > 1, so for any bounded function on the real line, the equation
_n — £(m)
(25 f fx = 1) 2 {eosc(D)} dt = f(x)

is characteristic of B,.
Again the note following Proposition 4.2, or Theorem 3.2, shows that

a < lld" {cosc(¢)}/dt" Il,{’l" forn>1.

We proceed to develop several different examples for the case that the growth
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of the function f(x) in Theorem 4.4 for real x may be any power of |x] as |x|
—> 00,

II(a). Suppose f € C*(R) and f(x) = O(Ix|"~1) for J > 1 as |x| —> ce.
Then

Ny — _ | sin@#n 7 d" )sin(a + 8)t
1) = [ ’)[ st/ ] ar g (9
(26)
n=0,6 >0,

if and only if f is entire of exponential type a. _

We first consider the case n = 0. Let g(f) = [n()]’h,(f) where h(?) =
sin(5¢/7)[5¢/7] = and h,(£) = sin(e,H[nt] = where a, =a + 8. To show (26),
we need to compute g(¢), but under our system of Fourier transforms we have
(rh,y = @m)~1(h * f:l). We note that h(t) = (nJ/8)(sin(8¢/J)/nt) has transform

alfs i |t <8/J,

h(t) =
0 otherwise,
and
R 1 if ltl <ay,
hl(t)=
0 otherwise.
Now

a

iy = @ny it - 0@ de = ot L hee-ar
x+a, -
= (2m)~ lf lfz(t) dt.
x—al
So if |x| <a, —8/J,

11rJ 23

(hh,)" = (2m) f’ A dt = @m)- - 1.

Ifa, -8/J<x<a, +5/J,

. x+al R
2n) fx_al () dt = (a, + 8/J) - x.
So pictorially, (hh,)" is

~a, +8/J 0 a, —8/J

Continuing, (#,4%)" = 2m)~'((h,h)" * h) = @my"%((h, = h) * h),s0 in
general
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Oy ) = @uy Iy s B) s hx - - w ),

the convolution repeated J times. Graphically, we have

ﬁl‘il tix (ﬁl.ﬁ)tﬁ
1
|
|
/ | \
-a, +8/J ] a, -8/J ~a, +25/J 0, -25/J
Jth convolution L =
1
-a, +6 0 -a,-8§
or

) ; 1 ifltI<a,-6=a,
&= (hlh )y =
r(t) where |r(t)| <1 for [t| >a

and the case n = 0 follows from the theorem.

For derivatives of order n > 0, we know that the Fourier transform of the
nth derivative of sin(a, #)[n¢] —1 s (it)" for |t| < a, and zero outside this interval.
The same process as above shows that the integrand product defined in (26) has
a transform equal to (if)” on |¢t| < a which is not (ir)" for any ¢ such that |t| > a.
Thus (26) also follows for any n > 0.

Note. D. Jagerman [10] has used a different method to find the following
series:

_ = sin 8a'(¢t — nh)/m (™ sin a'(¢ — nh)
f(t) - Z f(nh) 80'(1' — nh)/m % a'(t — nh)

n=-—o

where f€ B,, ' = a/(1 — &) for § >0, h = n/d’, and m > 0. Jagerman shows
that every f € B, satisfies this series.

Since
a__ _ba _a(l-39)
-6 1-6 1-8§
the method used above in this example to derive (26) can be used again to derive
the similar equation

a' —ma'/m) = 1 =a,
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Ry — _ .\ )sin(8d’t/m) ™ d" Ysin a't
f )(x)"ff(x t)g 8d't/m } dt"% mt %dt

with the hypothesis and conclusions of (26) where @’ and m are as above. An
application of (16) to the case when f € W, (so certainly f€ W )and n =0
shows that this integral equals Jagerman’s series. For functions f € B, or of more
rapid growth on the real line, it would appear to require a different technique to
show the equality of the integral and the series.

ExaMmpLE II(b). Now suppose f € C*(R) and f(x) = O(Ix|’) for J = 0 as
|x] —> oo. Then

: J gn
@7 FMx) = ff(x—r)gﬁﬂa%’]ﬂs :;T,,-{coscal(t)} dr

where n 20,86 > 0 and

cosca, (¢) = [cos(a + &)t — cos(a + € + §)t] Jent?

for some € > 0, if and only if f is entire of exponential type a.

The case J = 0 (where we then assume § = 0) is Example I. For J > 0,
the proof of (27) is a result of combining the proof of Example I, the procedure
of Example II(a), and the previous theorem.

ExampLE III. This final example also concerns the case when the function
has polynomial growth of any degree on the real line.

Let A be the compact set [~a, a], and B the open set (—a — ¢, a + ¢€) for
€ > 0 small. Friedman [5, p. 45], has shown that there exists an infinitely dif-
ferentiable function f(x) such that (i) f(x) = 1 if x is in A, (ii) f(x) = 0 if |x] =
a + ¢, and (iii) 0 < f(x) <1 for all x. We pick e small enough so that |8(x)| < 1
if [x| > a.

A formula for such a function is given by f| * f,, where

2—kexp ————7-1 if x| <2
fl(x)= € l—(2X/€) 2 ’
otherwise.

and

1 iflx|<a+ €2,

L) = )

0 otherwise.

Define

Ka(x) = [ p() dt = fB e**B(¢) dt;

i.e., Ka is the inverse transform of . Further, it is an entire function of expo-
nential type which is in L2(R). Also, Ka has Fourier transform B.
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An integration by parts shows that
Ka(x) = fBe"x Be)dt = 0 - ()" [ B () dr.
This can be repeated any number of times, so that
Ka(x) = (=1)"(ix)™" f L€M) dr forn>0.
Thus [Ka(x)| < |x|™" /g I8U)(£)| dt for arbitrary n, so that

itV (Ka(e)l dt <o forJ > 0.

Since Ka™(x) = [ B(it)”e”‘ '8(¢) dt, a similar argument shows that
St 1Ka™() dt < = for any n >0 and J > 0. Using the theorem, we conclude
that

(28) ™) = [fox - Dka™(ydr,  n>0,

characterizes entire functions of exponential type which have polynomial growth
on the real line.

At this point, we give a further condition which characterizes the measures
in the case that an equation of the form (5), i.e., equations as in the following
theorem, always holds. We first consider the case when the measure decays ex-
ponentially, as in §2. We then present an example to suggest that similar results
may hold in a more generalized sense for measures of slower decay.

THEOREM 4.5. Let du be such that [e°!?! dlul(t) < e for some ¢ > 0.
Then
N
(F*dw)x) = Y a,f™x)
n=0

for every entire function of exponential type a (a < 0) if and only if

. kla, ifk=20,k<N,

Jeok duw =

0 ifk>N.

Proor. If the equation holds for every entire function of exponential type
a, then it holds if f(x) = x* for k > 0. But then

J -0 = 3 0, R o
MO = 2 an oy

where a, = 0 if n> N. Setting x = 0 gives f(—2)* du(t) = k'a,.
Conversely, suppose that the moment condition holds for k = 0. If P(x) is
any polynomial of degree M, say, then P(x — t) for x fixed is of the form
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M pn)(x
Px-D= 3 ——n—,Ll(-t)”.
n=0 :

Thus
M n)
fP(x - ) du(t) = f go%’—‘)(—t)" au(®)

M p(n) N
S

so that the equation holds for all polynomials.
CLAIM.

N r(n)
i ;f(x-t)— gou,,,’fl(—t)"f du(t) = 0

for every entire function of exponential type @ < g. To show this, let X =
{g € L) (d|ul): g(¢) is entire}, and M = {p: p(¢) is a polynomial}. We have that
M is a subspace of the Banach space X, and the hypotheses assure us that every
entire function of exponential type a is in X.

Fix x, and define a linear functional ® on X by

N (n)
Pfg] = f gg(x )= Z_:og—n!ﬁl (—t)”% du().

& is a continuous linear functional on X. This functional has the property that
d[p] =0 Vp €M. By the Hahn-Banach theorem, ®[g] = O for every g EM,
the closure of M in X.

If £ is any entire function of exponential type a, and x is fixed, then £, (¥)
= flx — ¢) is also of this class, and thus in X. It is clear that

= Z 2 -y

is the pointwise limit of polynomials

p, (1) = Z 20 e,

We claim that f, is also the norm limit of the polynomials p,,.

Since f, is of exponential type less than o, |f ()x)| < o for fixed x and
large k. Thus
= o ltl

vw<M2
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for some constant M, i.., |f, (¢ < Me®'t!, Moreover, Ip, () — £, (O] < Ne't!
for large n and constant N. Thus

D, = £ 1y = [1p,®) = £, ()l dlui®) — 0

by the dominated convergence theorem. Hence f, is the norm limit of polyno-
mials p,,, so f, € M, and the claim follows.
By the claim,

N (n)
fre=nau= [£ B oy auy

N r(n) N
=5 L0 ey = 3 a1
n=0 . n

as claimed.
Notes. (1) Example 3 following Theorem 3.1 concerned a measure defined

47(—-1)" e, [2k+1 _
?éc_;zﬁz if t = ( o )17, k=0,%1,...,

0 otherwise.

Recall that for this measure and f(x) in B,, [f(x — #) du(f) = f'(x). The moments
of this measure do not all exist in the ordinary sense. But

by

du(t) =

+ 00 _1\k +o —1)*
Jwo=% ¥ giip=0 [eomn=2 ¥ £

and for n = 2,

+ o0
Jeran=3(F) E_ciree+ iy
is Abel summable with sum zero.

The analogy between the example and Theorem 4.5 is that if the moments
of the measure did exist in the ordinary sense, the equation f * du = f' would
lead Theorem 4.5 to assign them the exact values as above. Thus a condition
similar to that of Theorem 4.5 may hold in a more generalized sense for measures
whose moments are not all finite.

(2) Combining Theorem 4.5 with Theorem 2.1, we see that for measures
du such that fe®"*! d|u|(f) < « for some o > 0,

N
feauny = 3 a,2"
n=0

in a disc if and only if
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. kla, for0<k <N,

J0% dugry =
0 otherwise.

5. An application. Finally, a classical theorem states that if f is an entire
function which satisfies both f(x + 7) = f(x) and f(x + 7,) = f(x) where 7/7, is
irrational, then f is constant. Gel'fond [6] has considered a generalization of this
by considering entire functions which satisfy two infinite linear differential equa-
tions. But if du is the measure which is point mass at —7, then

ff(x = 1) du(®) = fix + 1),

so that a periodic function satisfies a particular convolution equation. The follow-
ing theorem is a generalization of the classical theorem in terms of convolution
equations.

We will consider the following cases, where u represents the measure in each
case:

Case (i). f € L*(R) and f(t) exists.

Case (ii). f(x) = O(IxV)) for J = 0 as |x| — e°, and fi(¢) exists.

Case (iii). f(x) has arbitrary growth, but |fe™ %" du(f)| < o for |Re z| < b,
b>a.

THEOREM 5.1. Let f(z) be entire of exponential type a. Suppose f(z)
satisfies both

N K
Y 4, /™) = [fx—Ddu@) and Y b fO) = [fx - 1) du, (1)
n=0 k=0
where for Cases (i) and (ii), the set of common zeros of the functions
N K
a -3 a,G and p(6) - Y bO* for ltl<a
n=0 k=0

is at most the origin (where roots of multiplicity m and m occur) and for Case
(iii) the set of common zeros of the complex functions

N K
fe‘“ au® - Y a,z" and fe"”dul(t)— 3 b z*
n=0 k=0

is at most the origin (where roots of multiplicity m and m, occur). Then, Case
(i). f is identically zero, Cases (i) and (iii). f is a polynomial of degree
min(m — 1, m; —1).

PrROOF. Cuse (i). As before, the equation

§6) (ﬁ(t) - f: a,,(it)") =0

n=0

holds. Similarly,
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R K
f(z)(,:,(x) -5 bk(it)"> = 0.

Since f(f) = 0 for |t| > a, the hypotheses show f(f) = 0 except possibly at the
origin. Thus f=0.

Case (ii). The hypothesis f(x) = O(Ix|”) as |x| — o enables f to be con-
sidered as a tempered distribution. As in a previous proof, we obtain

N K
(ﬁ(:) > an(it)") f=0 and (ﬂl(t) -3 bk(it)"> f=o.
n=0 k=0

So, by the fact that the support of £ is the interval [-a, a] and the hypotheses
on the measures, f has support only at the origin. Rudin [18, p. 178] states that
“a distribution is the Fourier transform of a polynomial if and only if its support
is the origin (or the empty set)”. Since the support of fis the origin, this makes
f the Fourier transform of a polynomial. In fact, if f has order N,, then Theorem
6.25 of [18] gives f = El,g.jock(i)‘ kpks, where § is the impulse distribution.

Let g(?) = fi(t) - 221,:; 04, (t)", and we have assumed that the multiplicity
of the root of g(t) at 0 is m. The above analysis says that g(r)f is the zero distri-
bution, i.e.,

Ny
gD Y cp i)y ¥D¥sh(9)=0 forp€ES,
k=0

i.e., for every test function ¢. But this means that Eggock(i)’ k(D¥ {g0})0) = 0
for every ¢ €S. But g(")(O) is zero for n < m only, so {D*(gy)}(0) could not
be zero for every ¢ € § and k < N,. Hence for the above equation to hold, it
must be true that ¢, = 0 if & >m. Thus f= I c,()~*D*8, and taking in-
verse transforms gives f(x) = T c,x*~1. Since this procedure could also be
done with g(¢) defined in terms of i, (¢), etc., we have that f is a polynomial of
degree at most min(m — 1, m; — 1).

Case (iii). Since f(z) is entire, it is of the form f,e*“¢p(w) dw, where ¢ is
the Borel transform of £, and C is a contour enclosing a region which contains the
conjugate indicator diagram of f.

Following the proof of Proposition 2.6, we have in this case that

N
H(w)H(w) = (p(w)% f e~ “tdun) - 3 anw"i
n=0
and
K
P () = so(w);f i@~ 3 bkw"%

are analytic in the region enclosed by C. It might be possible for y(w) to have a
pole at a zero of H(w), except that p(w)H (w) is analytic at any such point and
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(excluding the origin) we know that H,(w) is not zero there. Hence the only
possible pole of p(w) is at the origin, and the order of the pole is min(m, m,).

By the definition of f(z) in terms of ¢ above, this makes f{z) a polynomial
of degree at most min(m — 1, m; — 1).

This completes the proof of the theorem.

ExampLEs. (I). Suppose f(z) is entire of exponential type and f(z + 7) =
f(z) and fiz + 7,) = f(z) where 7/7, is irrational. If du and dp, are point mass
measures at —7 and —7, respectively, the above periodicity equations become the
convolution equations.

The functions

z

fe*taup-1=¢"~1 and fe#tdu = -1
each have a simple zero at the origin. This zero at the origin is the only common
zero of the two functions, hence f(z) is a polynomial of degree zero, i.e., f(z) is
a constant.

(II). Let f(z) be entire of exponential type a such that f{x) = o(Ix|?) for
some J = 0 as |x| — oo. Suppose further that f{z) is periodic with period 7
where 0 <7< 2ma~!,ie., fz) =f(z + 7).

Let du = Ka'(t)dt, where Ka(t) is as in (28), and let du, be point mass at
—7. From (28), we know that f'(x) = [f(x — )Ka'(¢) dt. We also found in that
example that (Ka')'(¢) = it for |t] <a.

Thus the set of common zeros of (Ka')'(¢) — it and f1,(#) — 1 for |t| <a is
the set of zeros of &7t — 1 for |t| <a. But €7f =1 <=1t = 2km, k =0, %1,

.., and by the choice of 7 this only occurs at ¢ = 0 if |t| <a. Further, this

root is simple. Thus f is constant.

We see as an example that any entire function of exponential type 1 which
is periodic with period 7 < 2 is a constant.
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